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Omitted Variable Bias: Example

Percentage of English learners was omitted from the regression of
test scores on student-teacher ratio.

Intuition

I English learners (on average) perform worse on standardized
tests than do native English speakers.

I Districts with large classes have many English learners.

I Bivariate OLS attributes to “large class size” what is really
the negative effect of “many English learners.”

I The estimated coefficient β̂STR is higher (more negative)
than the true effect βSTR.

I Can you think of a Xi and ui interpretation?



Omitted Variable Bias: Definition

The regressor (STR) is correlated with a variable that has been
omitted from the analysis (percentage English learners) but that
determines, in part, the dependent variable (test scores), then the
OLS estimator will have omitted variable bias.
Both of these conditions must hold for OVB:

1. the omitted variable is a determinant of the dependent
variable; and

2. the omitted variable is correlated with the included regressor.

OVB is a broad complaint against a causal model in the social
sciences, well beyond the range of mere statistics, although
statistics offers a good opportunity to systematize the complaint.



Omitted Variable Bias: Yes or No?

Time of day of the test . . .

I Is a determinant of test scores
I Is not correlated with Student-Teacher Ratio

Parking lot space per pupil . . .

I Is correlated with Student-Teacher Ratio
I Is not a determinant of test scores

Percentage of English learners . . .

I Is correlated with Student-Teacher Ratio
I Is a determinant of test scores

Not every omitted variable causes omitted variable bias.



OVB and the First OLS Assumption

Recall the First OLS Assumption

E (ui |Xi) = 0

I This assumption fails if Xi (the included regressor) and ui

(other factors) are correlated.

I If the omitted variable is a determinant of Y , then it is part of
u, the other factors.

I If the omitted variable is correlated with X , then u is
correlated with X , which is
A Violation of the First Least Squares Assumption.

You cannot test for OVB except by including potential omitted
variables.



A Formula for Omitted Variable Bias

We would like to estimate β1. But instead our estimate is β̂1.
Can we estimate the size and direction of our mistake?

β̂1

p
→ β1 + ρXu

σu

σX

ρXu
σu

σX
expresses the bias and ρXu is the key term.

1. The bias does not decline with a larger sample.

2. The size of the bias depends on the the strength of the
correlation between X and u.

3. The direction of the bias depends on the sign of the
correlation between X and u.



Addressing OVB by Stratifying

I Stratifying means “dividing the data into groups.”

I Does the TestScore–STR relationship hold within districts
that are similar in the percent of English learners? (Table 5.1)

I High percent English learners and large classes occur together
(along with low test scores)

I This table lets us examine the effect of class size (large vs.
small) on test scores “holding constant the percent of English
learners”.

I Aside: could report the effect of class size on test scores
averaged over the four English-learner groups.

I Stratifying takes literally the concept of “holding another
factor constant”. One advantage is that it is very
straightforward. A disadvantage is that for multiple factors or
for many categories of a factor, it can become hard to
summarize or quantify.

Multiple Regression: alternative way to “hold other factors constant”.



The Multiple Regression Model

Yi = β0 + β1X1i + β2X2i + · · · + βkXki + ui

where

I Yi is the dependent (outcome) variable (Test Score) for
observation i

I X1i ,X2i , . . . ,Xki are the k independent (explanatory) variables
(STR, English learners, subsidized-lunch recipients) for
observation i

I ui is the error term, factors about observation i not included
in the model that affect Yi .

I β1 is the slope coefficient on X1, βk is the slope coefficient on
Xk .

I βk expresses the expected change in Y for a one-unit change
in Xk .



The population regression line

E (Y |X1i = x1,X2i = x2, . . . ,Xki = xk) = β0+β1x1+β2x2+· · ·+βkxk

(Note: The expectation ignores the idiosyncratic other factors u i

specific to observation i .)



Holding X2 constant

Let’s examine the effect on the expectation of Y when we increase
X1 by 1, holding X2 constant. (Increase the number of students by
1, holding constant the percent of English learners.)
With the population regression line (for two variables)

E (Y |X1i = x1,X2i = x2) = β0 + β1x1 + β2x2

Increasing X1 by 1:

E (Y |X1i = x1 + 1,X2i = x2) = β0 + β1(x1 + 1) + β2x2

= β0 + β1x1 + β1 + β2x2

= β0 + β1x1 + β2x2 + β1

= E (Y |X1i = x1,X2i = x2) + β1

β1 expresses how much the expected value of Y increases, when
X1 goes up by 1, holding X2 constant. β1 is the partial effect of
X1 on Y .



Policy variables and contextual variables

I In many policy settings, there are variables that the
policymaker or administrator can control, e.g., STR, and there
are variables that are part of the social and economic context
that the policymaker cannot (or should not!) control, e.g., the
economic background of the students or the percent of
English learners, while trying to affect some outcome Y .

I Although the estimation method is the same for all control
variables, it is often conceptually helpful to group the variables
into two categories, policy variables and contextual variables.

I Implication for administrators who are rewarded on the basis
of Y .



Geometry of the Multiple Regression Model

I Linear regression with one regressor can be visualized as a line
through a scatterplot in the (X ,Y )-plane.

I Linear regression with two regressors can be visualized as a
plane through a cloud in the (X1,X2,Y )-space. The slope of
Y against X1 is β1, and the slope of Y against X2 is β2.



OLS Estimator in Multiple Regression

With one regressor (and an intercept), we choose b0 and b1 to
minimize

∑n
i=1

(Yi − b0 − b1Xi)
2

With two or more regressors (and an intercept), we choose b0 and
b1, . . . , bk to minimize

n∑

i=1

(Yi − b0 − b1X1i − b2X2i − · · · − bkXki )
2

I The OLS estimators that minimize the sum of squared
prediction mistakes are β̂0, β̂1, β̂2, . . . , β̂k . (Complicated
formula.)

I Predicted value for observation i given the value of the
explanatory variables for observation i :
Ŷi = β̂0 + β̂1X1i + β̂2X2i + . . . + β̂kXki

I OLS residual: ûi = Ŷi − Yi



Test Scores and the Student-Teacher Ratio

̂TestScore = 698.9 − 2.28 × STR

̂TestScore = 686.0 − 1.10 × STR − 0.65 × PctEL

I The coefficient on STR falls from −2.28 to −1.10 when we
hold constant the effect of percent English learners.

I The first estimate showed omitted variable bias because it
reflected both the effect of a change in the Student-Teacher
Ratio and the omitted effect of more English learners.

I The Percent English learners tends to lower the district test
score (holding constant classroom size)


